The model validation problem assuming timevarying parameter uncertainty is addressed. A particular form of this uncertainty description, here named the biaffine input/output system is shown to be quite general and yet lead to simple solutions of the model validation problem, in the form of linear feasibility problems. An overhead crane is used as an illustrative example.
I. INTRODUCTION
Most of the contemporary approaches to feedback control require a description of the process, not only of its nominal behavior but also of the uncertainties associated with this description. How to achieve such a description, given a nominal model and a set of measurement data, is thus an active area of research known as model quality estimation. Tightly linked to this is the question of model validation, which, in the deterministic setting, is the question whether a given set of measurement data could have been produced by a given nominal model and uncertainty description.
Apart from its use in modelling for the purpose of feedback control, model validation also has applications in its own right. Validating a process model on-line tells us if the process has changed since it was modelled, which may be an indication that there is a malfunction. In other words, this is a formulation of the fault detection problem. If models of different faulty behavior of the process are available, then model validation may also be used as a tool for distinguishing which model fits the measurement data best, i.e. fault isolation. Finally, invalidation of the process model may also be taken as an indication that the controller should be redesigned, which highlights the connection to the field of controller supervision.
The model quality estimation problem has been considered from different viewpoints, both in a stochastic [1] , [2] and a deterministic [3] , [4] , [5] , [6] setting. In these references, uncertainty in both H ∞ and L 1 is considered, but the underlying assumptions seems to be that the "true process", and consequently also the perturbation, is a linear time-invariant system of high order. The deterministic model validation problem has been considered in both H ∞ and L 1 , for linear time-invariant perturbations but also for timevarying perturbations, see e.g. [7] , [8] , [9] , [10] , [11] .
Assuming time-varying perturbations allows for a quite general process description since nonlinear behavior can also then also be accounted for. However, model quality estimation for time-varying perturbations appears to be a daunting problem. Therefore, instead of using dynamic uncertainty
The author is with the Control Engineering Group, Luleå University of Technology, SE-971 87 Luleå, Sweden, Email: andreas.johansson@ltu.se, Phone: +46 920 492334 elements we shall here describe the real process as a linear system with (in general unknown) time-varying parameters which then constitute the model uncertainty. As will be shown in the sequel, this will make it possible to solve the model validation approximately as a linear feasibility problem. Furthermore, model quality estimation is expected to be possible to formulate as a linear optimization problem but this is left for future research.
The chosen uncertainty description is quite general but it has its prime advantage when dealing with physically motivated grey-box models, where the number of time-varying parameters can be expected to be small. Such models can take many forms, ranging from the first-order system with delay used for Ziegler-Nichols tuning of a PID-controller to the large-scale model obtained by reducing a distributed parameter model for e.g. a blast furnace or a paper pulp digester [12] .
Of course, the prime drawback of assuming a parametric, time-varying uncertainty description is its possible inadequacy for describing unmodelled dynamics. However, if the process physics is reasonably well known, then the unmodelled dynamics can be expected to be confined to high frequencies and can then often be described with a parametric model (such as a time-delay or a fast pole).
As process description, a state-space system with affine dependence on the uncertain time-varying parameters is assumed. This structure is used frequently in robust control and estimation [13] , [14] although then often in continuous time and with uncertainty in the output also. Using the Kronecker product ⊗, it can be expressed concisely as [15] 
where
n×mp , and C ∈ R q×n are constant matrices. The vector x(k) ∈ R n represents the state and u(k) ∈ R p is the measured input while y(k) ∈ R q is the measured output and η(k) ∈ R q is some additive disturbance. The vector π(k) ∈ R m represents the parameter uncertainties, i.e. the deviation from the nominal parameter values. Note that they are allowed to enter both linearly and bilinearly with the state x as well as with the input u, thus providing a fairly general description for how a small parameter deviation affects a linear process. In [15] it is shown how this structure is obtained, under some restrictions, from a 2nd order Taylor expansion of a general, nonlinear system with uncertain parameters. FrC17. 6 1-4244-1498-9/07/$25.00 ©2007 IEEE.
The output y in (1) depends nonlinearly on the uncertainty π which makes both model quality estimation and model validation a nontrivial problem. In this work we will therefore derive an approximation of the output which is affine in π to make it possible to formulate a general model validation problem as a linear feasibility problem.
A. Notation
The identity matrix of order n is denoted I n while 1 n is a vector of dimension n with each element equal to one. For vectors, absolute value |·| and inequalities are to be interpreted element-wise. A useful property of the Kronecker product is Property 1: Let x ∈ R n and y ∈ R m for arbitrary natural numbers m, n. Then
In this paper, we shall be concerned with discrete time signals, represented by one-sided sequences, i.e. functions Z + → R n where Z + denotes the nonnegative integers. The l ∞ -norm of a one-sided scalar-valued sequence u is defined as u ∞ =s u p k≥0 |u(k)| and the corresponding signal space (i.e. the set of sequences that satisfies u ∞ < ∞)i s denoted l ∞ . The space of vector valued signals of dimension n where each element belongs to l ∞ is denoted l n ∞ . The truncation operator T θ is defined as
II. THE BIAFFINE INPUT/OUTPUT SYSTEM
In this section, we will derive an approximation of (1) whose output is affine in the the uncertainty.
Lemma 1: Consider the Taylor expansion of y(k) in (1) with respect to [π(0)
T ] T and let y(k) denote the constant and linear terms while r(k) represent the terms of order two and higher. Thenŷ(k) is generated by
with initial state ζ(0) = x(0) and ξ(0) = 0. By defining the disturbance v = r + η, the output of (1) may be expressed as
The term biaffine input/output system is due to the fact that the operator from the two inputs (π and u)t o the output y is affine in both inputs which will be clear from Lemma 2.
Proof. Using Property 1 and with the definitions
it is easy to see that the above has the closed form solution
so that
The first terms of the above, is a product of factors of the form (A + P (π(·) ⊗ I n )). Expanding this yields a sum of products where each factor is either A or P (π(·) ⊗ I n ).B y keeping only the terms with zero or one factor of the latter kind, we obtain a first order Taylor expansion with respect to π as
The first sum in (3) may be treated in the same manner while the second sum has a factor π() on each term, so that only the term A k−−1 must be retained when expanding the product. In conclusion, the following expression for the first order Taylor expansion of x(k) is obtained
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Exchanging order of the summations in the double sum makes it possible to combine it with the first sum, so that
Noting that ζ(0) = x(0) so that the last term can be combined with the second term and substituting k − 1 − ı for  in the same term giveŝ
Combining the last two terms while using the definition of D and Property 1 finally results in
Denoting the second term of the above as ξ(k) gives the realization (2).
III. BOUNDS FOR DISTURBANCES AND PERTURBATIONS
The disturbance v(k) in (2) consists of both a linearization error r(k) and a noise term η(k). To bound this disturbance we will use a discrete-time version of the window norm [15] , [16] v w =sup Given a window sequence w, the window norm for discrete time signals may then be defined as
Remark 2: It is quite straightforward to show that (5) satisfies all properties of a norm, but the proof is omitted here to save space.
The window norm may be thought of as a generalization of the l ∞ -norm, which is obtained by choosing w as the unit pulse function. Compared to the l ∞ -norm that only considers the peak value of the signal, the window norm is expected to be less conservative. The reason for this is that the window sequence w will average the signal over a suitable time interval, e.g. a pulse function with nonunit duration or a decaying exponential function. In fact, by letting w approach a unit step function (which is not a window function), the window norm approaches the l 1 -norm. Compared to the l pnorms, however, the window norm has the advantage that persistent signals, such as a step function, is bounded. It is straightforward to show that the signal space defined by {v| v w < ∞} is equal to the l ∞ -space but this proof is also left out here. In continuous time, however, the signal space of the window norm is larger than the L ∞ -space [16] .
Given a window function w, a set of admissible disturbances may now be expressed as the ball
For the parameter perturbations we shall assume bounds in the l ∞ -norm. Given a δ ∈ R m , the set of admissible perturbations is defined as
IV. MODEL VALIDATION
Definition 2: Consider a process modelled by (2) with v ∈ V w,ǫ and π ∈ P δ . Letȳ be the measured output sequence from the process when subject to the input sequence u and the initial state x(0) = 0. Then the process model is said to be invalidated at N if there exists no (v, π) ∈ V w,ǫ × P δ so that T N y = T N y m .
In this section, we will derive a model validation test for the biaffine input/output system (2). For this, it is convenient to express the affine mapping from π toŷ explicitly with matrix operations. By collecting the signals into vectors as
T and Π=Π N , the following lemma may be formulated.
Lemma 2: Let Ω and Φ be defined as in (6) and let
and Ξ=Ω+Ψ+Φ. Then Y =Υ+ΞΠ+V . Proof. Property 1 applied to (4) giveŝ
From this, it is clear that Y =Υ+(Ω+Ψ+Φ)Π+V and the Lemma follows. Lemma 2 formulates the process model as a linear equality. It remains to translate the assumption on disturbances and perturbations into linear inequalities. For π(k), k =0..N −1, the assumption π ∈ P δ may be expressed as |Π|≤1 N ⊗ δ which, in turn, is equivalent to the linear inequalities
Since we are only using measurements from k =0 ..N we can take v(k) to be 0 for k>N . Thus, to check the assumption v ∈ V w,ǫ we only need to require that ρ(k) ≤ ǫ for each k ≥ 0 where
If we furthermore assume that w(k) is nonincreasing for k> 0 then, for any >0,
and consequently, we only need to check that ρ(k) ≤ ǫ for k =0 ..N . To translate this into linear inequalities we will use the following reasoning from [17] . Consider splitting v into two sequences v
with equality if, for each ı, either v + (ı)=0or v − (ı)=0 . Thus, with the definitions
the condition v w ≤ ǫ may be formulated as In conclusion, with
, the following theorem has been proved Theorem 1: Consider a process modelled by (2) with a scalar output y and π ∈ P δ and v ∈ V w,ǫ for a nonincreasing window sequence w. Letȳ be the measured output sequence from the process when subject to the input sequence u and initial state x(0) = 0 and definē
T Then the process model is invalidated at N if the following linear feasibility problem has no solution.
This feasibility problem has 2(N +1)+mN variables, N +1 equality constraints, and 3(N +1)+mN inequality constraints.
V. A PPLICATION TO A PENDULUM PROCESS
As an illustration, we will apply the method to an overhead crane process with the position of the load x p as measurement y c . The process is modelled as a pendulum (see Fig.1 ) where the horizontal velocity of the suspension point is proportional to the control signal u c . With x s as the position of the suspension point, the linearized process may be formulated as
where g is the acceleration of gravity, l is the length of the pendulum, c is a friction coefficient, and b is the proportionality factor converting the control signal into the speed of the suspension point. The friction coefficient is not exactly known and will vary with the speed of the load and we assume that the proportionality factor b is poorly known and possibly timevarying. The length of the pendulum l will vary as the load is hoisted. We introduce the notations λ = g/l and κ = c/m which are thus functions of time. An Euler approximation gives the following discrete-time system
where u(k)=u c (kh) and y(k)=y c (kh) while η(k) is supposed to capture both the continuous-time noise term η c (kh) and the error introduced by the Euler approximation. The sampling interval in our simulations is h =0 .05 seconds. Nominal values of λ, κ, and b and time-varying deviations from these are introduced as outputs of (1) and (2) with the parameter perturbations shown in the upper plot. Obviously, the biaffine input/output system is a significant improvement over the nominal system ((1) with π identically zero).
To illustrate the sensitivity of the validation method, five test cases have been prepared. The parameter perturbations of the five cases are variations of the perturbations shown in Fig. 3 , upper plot. The output of the original system (1) with an added white noise disturbance η of standard deviation ǫ 0 is chosen as measured outputȳ. The five test cases are otherwise To find a bound for the noise term v, Case 0 is simulated and the norm y −ŷ w is calculated and used as noise bound ǫ. Thus, correct upper bounds are used for Case 0, and the model is consequently not invalidated for this case. In each of Case 1 to Case 3, one perturbation bound is exceeded by a factor three and in Case 4, the measurement noise is increased by a factor three. In all these cases the model is invalidated. The output y for all cases are shown in Fig. 3 , lower plot.
VI. CONCLUSIONS AND FUTURE WORK
Time-varying parameters have been proposed as a setting for describing model uncertainty in linear systems. A particular form of this, here named the biaffine input/ouput system was shown to be a quite general uncertainty description and yet lead to simple solutions of the model validation problem, in the form of linear feasibility problems. An overhead crane was used as an illustrative example.
The next step is to develop methods for model quality estimation based on the biaffine input/output system. This can be formulated as a linear optimization problem, minimizing e.g. the size of the perturbations or disturbances or the variation in the perturbations, to name a few possibilities.
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